In this note, we use the first order formalism for attractor flows in N = 2 SUGRA extremal black hole backgrounds to establish a formal correspondence between the RG flow of moduli in the underlying N = (2, 2) SCFT and bulk attractor flows. Starting from a study of moduli flow trajectories in the CFT, we derive a potential which generates the aforesaid flow. This potential is shown to be a symplectic invariant with the same form as the black hole potential which drives the attractor flows in the bulk. We use these results to make comments on the non-renormalization of extremal black hole entropy and indicate a similar correspondence for two-centered forked flows in CFT.
Introduction
Black holes constitute important laboratories for testing the formalisms and predictions for gravity, in particular, for those emerging from string theory. String theory has made significant advances in the understanding of various aspects related to extremal black holes. These include an exact microscopic counting of the entropy of supersymmetric black holes, (See [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .) and in recent times, an improved understanding of the entropy of non-supersymmetric extremal black holes (See [16] [17] [18] .). A related phenomenon in case of extremal black holes that has been the focus of extensive research in the past decade is the attractor mechanism. Given an extremal black hole solution of a supergravity action with scalar moduli, the attractor mechanism fixes the moduli that are non-constant in this background at the horizon in terms of the charges of the black holes. Hence their horizon values (referred to as attractor values) are independent of their asymptotic values. This mechanism was discovered and explored for supersymmetric (SUSY) black holes in [19] [20] [21] and later, for non-supersymmetric (non-SUSY) black holes, firstly in [22] , and followed by [23] [24] [25] [26] [27] [28] [29] [30] . The connection between the attractor mechanism and the entropy can be summarized elegantly via the entropy function formalism (See [28] and references therein.). The entropy function is essentially the Hamiltonian obtained from the 1D effective Lagrangian density, which is derived from the 4D action by substituting the near-horizon solution of the black hole into the action. The entropy function is therefore a functional of the moduli and the charges of the black hole. Extremizing the entropy function w.r.t the various moduli give the extremum or attractor values of the moduli at the horizon in terms of the charges while the moduli that are flat directions are unaffected by this extremization process. The extremized values of the moduli when substituted back into the entropy give its extremum value which is the entropy of the black hole. Hence the horizon values of the moduli act as attractors in moduli space. Physically, the attractor mechanism can be explained in terms of the nearhorizon geometry of the extremal black hole which always has an AdS 2 part. This results in an infinite radial throat which allows all fluctuations in the asymptotic value of the moduli to die down as it travels down the infinite throat so that the horizon value is unaffected by deviations in the asymptotic value. This is a generic feature of extremality and presupposes no supersymmetry. This strongly indicates that there must be a universal formalism for extremal attractors in SUGRA, independent of supersymmetry arguments, and this is the main avenue of discussion that forms the motivation and theme of this paper.
The attractor mechanism imposes a boundary condition on the values of the moduli at the horizon. This implies that the moduli can obey first order equations of motion. These equations have been derived for supersymmetric black holes in ( [22, 31] ) 1 . In this case, the radial derivative of the moduli is proportional to the derivative of the absolute value of the central charge |Z| w.r.t. the moduli. Both quantities vanish at the horizon where |Z| gets extremized, and the square of its extremum value gives the entropy. Exact solutions for the attractor flow of moduli in N = 2 SUGRA can be found in [34] and [35] .
In this note, we use a proceedure developed in [36] [37] [38] [39] to write down the first order equations of motion for the moduli in the non-supersymmetric case. Their functional form is exactly the same as in the supersymmetric case with |Z| replaced by a positive definite function-|R|. 2 |R| gets minimized at the horizon and its minimum value gives the entropy. Hence, just as the attractor values of the moduli in a SUSY black hole background can be regarded as solutions of ∂|Z| = 0 3 , the attractor values in a non-SUSY background can be regarded as solutions of ∂|R| = 0. |R| can be constructed from |Z| by operating on the charges in such a way as to flip the sign of the duality invariant constructed from the charges. Hence, by placing the attractor formalisms for the SUSY and non-SUSY backgrounds on the same footing, we can, given a SUSY attractor value , perform the same operation on the charges in it as required to go from |Z| to |R| and the resulting value will be a non-SUSY attractor value. Further, given a technique of obtaining the general attractor flow from the attractor values (replacing charges with harmonics) in the SUSY case, the same technique must apply for non-SUSY cases since the functional forms of the equations are the same.
We use the first order attractor formalism to develop and explore the idea of split attractor flows in the non-SUSY case and find that the remarkable similarity between the SUSY and non-SUSY formalisms allows us to use technology available for the analysis of SUSY split attractor flows in SUGRA ala [34] and [31, 42] for the non-SUSY case. We end the SUGRA section of this note with comments and discussion on this formalism.
We then proceed in the subsequent sections to draw a correspondence between the moduli flow equations in CFT (derived in [43] ) and the supergravity attractor equations. This exact correspondence between supergravity flows and moduli flows in strongly coupled gravity described by the underlying CFT is then used to indicate statements about the non-renormalization of the entropy in the non-supersymmetric case. A 'physical' explanation of this phenomenon is given in terms of the 4D/5D lift in the summary section. 4 
Background: Black Hole Attractors
The bosonic part of the action of the four dimensional N = 2 supergravity consisting of N + 1 2 This function was referred to as the fake superpotential W in [40] who discuss aspects of the first order equations. The first order Bogmol'yni trick for obtaining the equations and the fake superpotential in the non-SUSY case was developed in [36] and later in [41] and [37] . Here we give an explicit construction of the function for completeness. 3 Here the partial derivative is w.r.t. the moduli. 4 For details on attractors in higher N and higher dimensional SUGRA refer to [44] [45] [46] [47] .
abelian U(1) vector multiplets and no hypermultiplet is given by
where F A is the field strength associated with the gauge field A A , and N AB is the gauge kinetic function. The fermionic part of the action can be constructed via supersymmetry transformations. The structure of the vector multiplet moduli space of the theory, which is a special Kähler manifold, is governed by N = 2 special geometry [12] . The basic ingredient for describing the moduli space of the classical N = 2 supergravity theory is the prepotential F (X) which is a holomorphic homogeneous function of degree two and is given by
where X A 's are the homogeneous coordinates of the moduli space and d ABC is a completely symmetric tensor. The positive definite metric g ab on the moduli space is then derived from the Kähler potential. For the classical prepotential (2.2), the Kähler potential turns out to be
The homogeneous coordinates of the moduli space, X A , are related to the inhomogeneous coordinates z a = X a X 0 via a choice of the gauge. In this note, we will work with the gauge in which X 0 is real. It is also convenient to define a covariant derivative on the moduli space. The covariant derivative D a acts on a given field Ψ as
where p is the chiral U(1)-weight of Ψ, and it is determined by the Kähler transformation property of Ψ. The most general stationary spherically symmetric single center extremal black hole solution of N = 2 supergravity is obtained by considering the following ansatz for the spacetime metric
In this background, it is then straightforward to define the symplectic set of electric and magnetic charges (q A , p A ) of the single center black hole configuration. This gives rise to the following superpotential for the theory
In the context of type II string compactifications on Calabi-Yau manifolds, N = 2 supergravity arises as the low energy effective theory in four dimensions. In particular, in type IIA theory, the electric and magnetic charges (q 0 , q a , p a , p 0 ) correspond to the charges of (D0, D2, D4, D6)-branes wrapping (0, 2, 4, 6)-cycles of the compact Calabi-Yau manifold. Moreover, the completely symmetric tensor d ABC defined in (2.2) corresponds to the intersection number of the two-cycles of the internal Calabi-Yau space.
The central charge of the supersymmetry algebra is specified in terms of the superpotential W and the Kähler potential K, and is given by Z = e K/2 W . Plugging the ansatz (2.5) into the bosonic action (2.1) yields the following effective lagrangian (for details see [22] as well as appendix A of [26] ) for the single center black hole
where τ denotes the inverse of the radial coordinate r (τ = 1 |r−r h | ) and the dot denotes the differentiation with respect to τ . Furthermore, V BH in (2.7) is the black hole potential and is defined in the following way
The equations of motion resulting from the one-dimensional action give the metric field and the moduli as functions of the radial coordinate. Now, for extremal blackholes, these solutions exhibit a remarkable property. Essentially, the solutions for the metric field e −U and the moduli end at values on the horizon which are purely fixed in terms of the charges of the black hole and which are completely independent of the asymptotic boundary conditions imposed on the metric and moduli. The horizon values of the moduli are fixed purely in terms of the electric and magnetic charges by minimizing the above effective potential (2.8). Hence, the flow in moduli space from asymptotic infinity terminates at a fixed point, represented by the horizon values-the black hole serves as an attractor point in moduli space and this property is referred to as the attractor mechanism, while the near-horizon AdS 2 geometry for extremal black holes where the moduli and the metric field get fixed at their horizon values is referred to as the attractor geometry. We now proceed to a systematic study of this mechanism for both SUSY and non-SUSY extremal black holes.
Attractor Equations
Now, given a dynamical system satisfying a second order differential equation, we require two input conditions to solve the dynamical equation-say, the initial value problem specified by the value of the dynamical quantity at a point and its derivative at that point, or a boundary value problem with the value of the quantity specified at two points in its configuration space. For the case of the moduli in our theory of interest, we could take these two points to be at asymptotic infinity and at the horizon. However, since the derivatives of the moduli w.r.t. the radial coordinate vanish at the attractor and the attractor values are fixed for a given charge configuration, we need to specify only one initial condition for the equation to be solved and hence we expect the dynamics of the 1D Lagrangian to be captured by first order equations of motion for the metric field and the moduli. We first write down the second order equations arising from the Lagrangian.Ü = e 2U V BH , (3.1)
There is a constraint equation arising from the zero Hamiltonian constraint at extremalitẏ
Now, the attractor mechanism implies that there exists scalar functions of the moduli,
withż a = 0 at the horizon. 6 Let us therefore take the first order equations to be formallẏ
Differentiating the first equation, (3.6), and comparing with (3.1), we find that
3) and using the expression for the potential in terms of R 1 , we
Comparing the above equation with (3.7), we realize that R 1 = R 2 . Therefore, we drop the subscripts and denote the real scalar function that appears in the first order equations as |R(z, z)|. The final first order attractor equations are therefore-
10)
Where R enters the potential 7 as
Now using the first order equations of motion, (3.10) and (3.11), we find that the second order differential equation for moduli, (3.2), is automatically satisfied 8 . It is also worth noting that once we have the potential (3.12), we can perform the usual Bogomolyni trick [36] of completing squares
In the supersymmetric case, the R-function is nothing except |Z| and one reproduces the wellknown 1D effective action derived in [31] and [22] . For non-SUSY black holes, the form of the effective action and hence the first order equations of motion remain the same, but the R-function for the non-SUSY case is not equal to the absolute value of the central charge. In the next subsections, we explicitly construct the R-function for non-SUSY cases.
First order SUSY attractor equations
Now, for the SUSY blackholes, as is well known, |Z| is minimized during the attractor flow from the boundary to the horizon and hence ∂ a |Z| = 0 at the horizon. Hence each of the two terms in the potential is minimized separately at the horizon and the minimum value of the potential which is also the minimum value of |Z| 2 is equal to the entropy and the square of the Bertotti-Robinson mass (BR). Hence, putting |R| = |Z| in (3.13) yields the first order equations for SUSY black holesU = −e U |Z| , (3.14)
For supersymmetric solutions, these are nothing but the first order BPS equations of motion [22, 31] which can be obtained by using the usual Bogomol'nyi trick on the Lagrangian. One clever way of finding the solutions to (3.14) and (3.15) is to take the advantage of the horizon values of the moduli fields. Let us define
and z * (Γ) denotes the horizon values of the moduli. Physically speaking, Σ(Γ) is nothing but the entropy of the supersymmetric single center black hole. It was shown in [34] that the exact 7 Here we use the first order equations and|R| =ż a ∂ a |R| +ż a ∂ a |R| to substitute for|R| in V BH .
8 Since the vector multiplet moduli space is a Kähler manifold, one has the identity ∂ c g ab = g ad g ce ∂ d g eb for the Kähler metric. One needs to use this identity to prove that (3.2) is fulfilled.
solution for the moduli fields of a supersymmetric single center black hole can be obtained from the following formula 16) in which one substitutes the electric and magnetic charges Γ in Σ(Γ) by appropriate harmonic functions. The harmonic functions are defined in terms of τ , the inverse of the radial coordinate and they are explicitly given by
where (h A , h A ) are the asymptotic values at infinity and are subject to the constraint h, Γ = 0. The solution (3.16) together with the solution for the metric e −2U = Σ(H) fulfill the BPS equations (3.14) and (3.15) . The solution for the vector fields can be constructed from the harmonic functions correspondingly. These solutions all satisfy ∂ a |Z| = 0 at the horizon. In the appendix we use this equation to explicitly derive the attractor values of the moduli for various charge configurations in the STU model. Notice that for the SUSY black hole, the BPS bound is saturated and M = |Z|. Hence one could think of the attractor flow as extremizing the mass function which assumes the ADM mass value at asymptotic infinity and the B-R mass at the horizon, write the potential as
and obtain the attractor values as solutions of ∂ a M = 0 at the horizon.
First order non-SUSY attractor equations
For extremal non-SUSY black holes, we consider two classes of black holes-those which can be constructed from the same charge species as SUSY blackholes by flipping the signs of some of the charges-example include the D0-D4, D0-D2-D4, D2-D6, D0-D4-D6 etc. systems and those which have no such SUSY equivalent-a classic example being the D0-D6 system.
In order to find the R-function for the non-SUSY case, we restrict ourselves initially, for simplicity to the N = 2 STU example and consider configurations with axion-free solutions. In particular, we consider D0-D4 and D2-D6 systems. The full attractor flow for the moduli and the metric field in these cases ca be explicitly obtained from [48] . We plug the solution for the metric field so obtain (3.10). This gives rise to an explicit form for the R-function and a quick observation reveals that the R-function is precisely the absolute value of the central charge, |Z|, of the equivalent SUSY charge configuration. This SUSY configuration can be obtained by reversing the sign of appropriate charges in the original non-SUSY configuration. In the next subsection, we proceed to explicitly illustrate and consolidate this observation for general charge configurations in the STU model. The STU model is a four dimensional N = 2 theory with 3 vector multiplets and no hypermultiplets. Its Lagrangian can be explicitly constructed from the superpotential (2.2) with a,b and c running from 1 to 3 and d abc = − 1 6 . The electric and magnetic charges can be organized into SO(2, 2) lattices
with the norm in charge space given by
For future expedience, we define the matrix
The Kähler potential and superpotential are obtained from (2.3) and (2.6) respectively as
The metric and the connection on the Kähler moduli space determined by the three scalars, z
The U-duality symmetry group operating on the charges and moduli is (SL(2, R)) 3 . The entropy of the charge configuration in supergravity is proportional to the square-root of the U-duality invariant
10 SUSY configurations correspond to charges with a positive I while non-SUSY configurations correspond to a negative I. In general, given a non-SUSY charge configuration, one can construct the equivalent SUSY configuration (if it exists) by an appropriate change of sign or absolute value of the charges so as to flip the sign of I while keeping its absolute value unchanged. This operation on the charges is unique modulo the U-duality group. In the ensuing subsections, we consider various special cases of the most general charge configuration by putting various charges to zero and derive the R-function for these cases. We will restrict ourselves in this note to looking at the direct construction of the R-function for axion-free charge systems. General constructions can be seen in [36, 41, 50] .
D2-D6 system
As the first explicit example, we proceed to analyze the special case of D2-D6 system. Then, from the general formula (3.24), the superpotential reads
This system was previously analyzed in [48] and both SUSY and non-SUSY solutions have been constructed. The horizon values of the moduli in the non-SUSY branch are obtained by
The signs of the solutions in (3.28) are taken such that the Kähler volume e
Now, in order to construct the R-function for D2-D6 system, it suffices to flip the sign of the D6-brane charge: p 0 → −p 0 . We notice that under this sign flip the duality invariant I = 4 p 0 q 1 q 2 q 3 is transformed to I = −4 p 0 q 1 q 2 q 3 . The R-function for non-SUSY solutions of the D2-D6 system is then found
First, we notice that by minimizing the R-function (3.29) with respect to moduli, ∂ a R = 0 and ∂ a R = 0, we exactly recover the horizon values (3.28). Second, we proceed to prove that the R-function (3.29) fulfills the first order non-SUSY attractor flow equations (3.10) and (3.11).
To show this, we first realize that the exact solutions for the moduli are obtained by replacing the electric and magnetic charges by appropriate harmonic functions [48] 
Moreover, the solution for the metric field in the non-SUSY branch is given by [48] 
Having the exact solutions for moduli and for the metric field, we can construct the R-function (3.29) and explicitly verify the first order equations (3.10) and (3.11). Therefore, we finḋ 33) which shows perfect agreement between the two sides of the equalities in the first order differential equations of motion.
D0-D4 system
The second example we consider is D0-D4 system. From (3.24), the superpotential for this system reads
The attractor values of the moduli in the non-SUSY branch have been previously found in [24, 26] by minimizing the black hole potential V BH and they are given by
As in the previous example, the signs of the solutions are chosen such that the Kähler volume is positive.
To construct the R-function for this example, we flip the signs of all D4-brane charges: p a → −p a in the central charge. Under these sign flips, the duality invariant I = 4 q 0 p 1 p 2 p 3 is transformed to I = −4 q 0 p 1 p 2 p 3 . The R-function is then explicitly given by
One can check that the critical points of the above R-function coincide with the non-SUSY attractor values for moduli (3.35) . As in the previous example, the exact non-SUSY solutions are obtained by replacing the charges by harmonic functions in the attractor values of the moduli
Similarly, the exact non-SUSY solution for the metric field is given by
Now, we have the exact non-SUSY solution for all moduli and the metric field. Therefore, we can explicitly examine the first order equations of motion (3.10) and (3.11) for this example.
After some algebra, we finḋ 40) which shows that the first order differential equations of motion are fulfilled. One can generalize the solutions for the general case with arbitrary number of vector multiplets. For details see appendix A.
D0-D2-D4 system
For this system, the superpotential can be written as
The U-duality invariant is
. Assume that the charge configuration given is SUSY, so that I is positive. Then one can flip the sign of the invariant and go towards the non-SUSY case by the following operations
Here
These transformations are more complicated than those of the axion-free systems described above. But we observe that under these transformations, the quantityq 0 = q 0 + 1 12
D
ab q a q b is invariant. Also, from [24, 51] , we observe that one can rewrite the superpotential as that of a D0-D4 system with a D0-brane chargeq 0 and the same values of the D4-brane changes under the identification
Here the hatted charges and moduli correspond to those of the equivalent D0-D4 system. The U-duality invariant when written in terms ofq 0 is 4q 0 D. This is precisely the invariant of the D0-D4 system. Hence we can work in the D0-D4 'frame' and construct the R-function as described in section 3.2.2. As shown there, the extremization of the R-function give the attractor values of the moduli-as
Reverse-transforming the moduli to the D0-D2-D4 configuration, we obtain the attractor values in the D0-D2-D4 system as
The R-function constructed in the D0-D4 case can be explicitly written down in the D0-D2-D4 coordinates to give the corresponding R-function.
D0-D6 system
The superpotential in this case is
The U-duality invariant is I = 4(q 0 p 0 ) 2 . Hence the invariant is positive definite and no realvalued charge transformations which preserve the absolute value of the invariant can flip its sign. This system unlike the previous ones has no SUSY equivalent. So the simplest way to construct |R| is to dualize this system to the non-SUSY D0-D4 system and then construct |R| for this system . The attractor values for the moduli so found can then be rewritten in D0-D6 language, as can the entropy.
General rules for attractors
For the SUSY case, the general rule for finding the attractor values is very clear. One simply minimizes the absolute value of the central charge w.r.t. to the moduli and this gives the attractor values. For the non-SUSY case, we observe that for every non-SUSY black hole, there is a SUSY black hole with the same mass and entropy saturating the BPS bound. Calling |Z| s the central charge of the SUSY black hole, one sees that the mass M of the non-SUSY black hole must satisfy M = |Z| s and so |Z| s is potentially a candidate for the R-function. We can check this claim by solving ∂ a |Z| s = 0 to obtain the non-SUSY attractor values which must be exactly the same as the attractor values of the corresponding SUSY black hole. Explicit calculations demonstrating this for the STU model have been done in the preceding subsection while calculations for a general prepotential are done for the D0-D4 case in the appendix. One reasonable worry is the invariance of the potential under |Z| → |Z| s via charge-flips. One can explicitly show for various charge configurations that the potential remains invariant under this transformation. Hence the R-function for the non-SUSY black hole of the first class is M = |Z| s . Hence the general rule for extremal blackholes which display the attractor mechanism is that the mass function M = |R| gets extremized along the attractor flow from asymptotic infinity to the horizon. Extremizing the mass function is equivalent to solving for ∂|Z s | = 0 and this gives the attractor value of the moduli. For the purpose of the present discussion, we hereafter refer to the charge lattice of the given black hole by Γ and the transformed charge lattice in R as Γ s . For SUSY configurations, Γ = Γ s .
The previous sections show that the attractor mechanism for SUSY and non-SUSY extremal black holes are on the same footing, thus rendering all the technology available for study of SUGRA SUSY configurations amenable to being applied to the non-SUSY configurations. One of the most exciting developments in the SUSY attractor story is the development of split attractors in [34] and [31] . This technology uses the first order attractor formalism and can now be extended to non-SUSY configurations too as we discuss in the subsequent sections.
Split Attractor Flows
The attractor equations in SUGRA for extremal black holes fix the scalar moduli at the horizon and make the mass of the black hole flow from its ADM mass at asymptotic infinity (determined completely by the values of the scalar fields at infinity and the charges of the black hole) to its value at the horizon (determined completely in terms of the charges of the black hole). As one movies in asymptotic moduli space, along certain loci referred to as lines of marginal stability, the ADM mass becomes equal to the sum of the ADM masses of two separate charge configurations, and then as each of these loci are crossed the ADM mass becomes smaller than the sum of the ADM masses of the two configurations. In these regions of moduli space, its possible for the single center black hole to exist as a non-spherically symmetric two-centered configuration 11 . The distance between the two centers diverges at the line of marginal stability (LMS) and on one side of the LMS, it is positive and fixed in terms of the Dirac angular momentum between the two centers. Since, for an extremal black hole, M = |R|, the two charge configurations by indices '1' and '2' , the LMS is defined by the condition,
(4.1)
Using M = |R|, this can be rewritten as
This implies, in turn, a condition on the charge splits
Notice that (4.3) must hold all over moduli space where the two-centered system exists, since charge is a constant. We now give a short review of the split attractor flow for two-centered SUSY configurations ala [31] and [34] . 
SUSY split attractor flows
The linear algebraic equations that solve for the first order attractor equations for a SUSY black hole in an N = 2 theory are
All notation above and hereafter follows [34] . In the above equations, α denotes the argument of the central charge. The H's are harmonic functions of the electric and magnetic charges of the form
6)
Here, as before, τ is the inverse of the radial coordinate. One can derive these equations by considering the 1D effective Lagrangian density and writing it as a perfect square in special geometry notation as |(∂ τ +Q +α)(e −U e −iα Ω) − Γ| 2 . Here Q = Im(∂ a Kdz a ). Here α is the argument of the function R that appears in the 1D effective potential as V BH = |R| 2 + 4g ab ∂ a |R|∂ b |R|. One can then showQ +α = 0 and hence arrive at the linear algebraic equations which solve the resulting first order PDE. For the SUSY case, R = Z and hence α = arg(Z). Denoting the coordinate distance between the two centers by a, we can write the algebraic equations for the two centered splits in the same form as the single center flow except that the harmonics become
|r − a| , (4.8)
At all points in moduli space, Γ = Γ 1 + Γ 2 as seen from (4.3) and Z = Z 1 + Z 2 . The LMS is defined by (4.1) which in this case turns out to be |Z| = |Z 1 | + |Z 2 |. In other words, the LMS is defined by the locus of phase alignment of the two constituents with the phase of the net central charge. An integrability criteria involving the Harmonics -H I ∇ 2 H I − H I ∇ 2 H I = 0 gives the expression for the distance at any point in asymptotic moduli space
The region of existence of the two-centers begins at the LMS where the denominator vanishes and the distance between the two centers diverges. To one side of the LMS, the phase of Z 1 exceeds that of Z and the distance becomes negative indicating non-existence of two-centered solutions while to the other side, it becomes less than that of the Z giving a positive coordinate distance and hence a physically sensible solution. In this region, |Z| < |Z 1 | + |Z 2 | implying M < M 1 +M 2 which is the usual necessary condition for bound state formation of two particles.
Non-SUSY split attractor flows
In the non-SUSY case, we can draw precise parallels with the SUSY formalism. The R function appearing in the Lagrangian is no longer the central charge but M = |R| is still satisfied as in the SUSY case. The 1D Lagrangian density can be written as a perfect square just as in the SUSY case whilst replacing Z by R and Γ by Γ s -
Here, α is the argument of R. The same reasoning as in the SUSY case leads to an identical algebraic equation series. Applying the integrability criteria gives the distance between the two centers to be
The LMS criterion is defined by |R| = |R 1 | + |R 2 | and the region of existence of the two centers is defined by |R| < |R 1 | + |R 2 | with the constraints Γ s = Γ 1 s + Γ 2 s and R = R 1 + R 2 . However, as we shall see below, the non-SUSY two-centered case can exist only when the distance between the centers is not fixed.
Interpretation and Discussion
We now see that using the first order formalism essentially makes the non-SUSY split flow problem as tractable as the SUSY one. In both cases, this formalism gives the answer to the question of whether a given parent charge configuration can split into two constituents with precisely defined charges at a certain point in asymptotic moduli space. In the SUSY case, by construction of the split problem the constraints Γ = Γ 1 +Γ 2 and Z = Z 1 +Z 2 is directly imposed. One can use the integrability criterion and the linear addition of the harmonic functions of the two constituents to find the distance between the two centers 12 . In the non-SUSY case however, the split constraints Γ s = Γ 1 s + Γ 2 s and R = R 1 + R 2 are obtained via the construction of the R function from the Z function by appropriate transformation on charges taking Γ to Γ s and they are not concordant with the SUSY constraints, Γ = Γ 1 + Γ 2 and Z = Z 1 + Z 2 , simply indicating that two SUSY constituents cannot form a SUSY as well as a non-SUSY bound state in the same region of moduli space. Hence, in the non-SUSY case, given a parent charge configuration and a potential split, one converts the charges to the Γ s form for both parent and daughter configurations and then checks if Γ s = Γ 1 s + Γ 2 s is satisfied. Only if this is so can the split occur. Now, generically, one goes from the Γ to the Γ s frame by a select transformation of the charges. If the transformation matrix is diagonal then and only then can the non-SUSY constraints and the charge conservation constraint be met. However in this case, the parent and the daughter must all have the same charges and the Dirac angular momentum between the daughter elements, which fixes the distance between the centers, vanishes. This effectively leaves the distance between the two centers unfixed and unstable to perturbation. Hence they exist only at the LMS.
13
Physically, one can see that this feature of non-SUSY split centers arises because of the fact that the central charges of the daughter constituents always add up as complex numbers to the parent central charge. The central charge is linear in charges and moduli while for any daughter elements with a Dirac angular momentum-fixed distance, the mass conservation condition will never hold if the central charge conservation condition does since the mass given by |R| is not linear in charges. This is simply an indication of the fact that non-BPS objects which are bound have a binding energy that is always non-zero and this absence of a threshold is what renders stable non-SUSY split configurations untenable. For a detailed explication of the split flow formalisms in the 5D uplifts of the 4D non-supersymmetric charge configurations, treated using the second-order equations, refer to [54] [55] [56] [57] . Now the prescription for going to the Γ s frame or alternatively, from the Z to the R frame is not unique. For example in the D0-D4 case, one can either flip the signs of the three D4 branes or the D0 brane or one of the D4 branes. All these give different R functions with the same extremum value of |R|. Hence, at the extremum, or the attractor point, R is undefined up to a phase. Remembering that R is the central charge of the equivalent SUSY system, we see that this ambiguity at the attractor point is essentially the U(1) R ambiguity of choosing a basic in supercharge space in N = 2 theories. Hence fixing a point in this automorphism group fixes the R-function precisely. 14 
Summary of Results in Attractors
The 1D effective Lagrangian can be thought of as the motion of a non-relativistic particle in the (2N v + 1)(U, z a , z a ) space. The geodesics of the particle are attractor flows under the extremality constraints on the Hamiltonian, and the potential can be written in terms of the mass of the black hole as
One can then use the Bogomol'yni squaring technique to write down the first order equations for the moduli and the metric field. The mass is equal to the central charge for SUSY, and is equal to the central charge of the corresponding SUSY equivalent if it exists. Note that for non-SUSY systems, the Bogomol'yni trick gives the extremal but non-BPS bound. This successfully sets up the first order framework of the attractor mechanism on the same footing for SUSY and non-SUSY black holes and essentially, opens up the way to parallel developments in SUGRA BPS black holes for SUGRA non-SUSY black holes. However the presence of the attractor mechanism throws up the conundrum of the independence of the entropy from the asymptotic moduli especially the dilaton. In certain special cases, this lends itself to an explanation. Firstly note that, as shown in [58] , 5D supersymmetric black holes give rise to a supersymmetric and a non-supersymmetric branch in 4D, under the 4D-5D lift. This implies that the ∂|Z| = 0 condition in 5D leads to both a ∂|Z| = 0 and a ∂R = 0 condition in 4D. We use this fact in the subsequent discussion.
Consider, a 4d black hole in a N=4 heterotic compactification on T 4 × S 1 ×S 1 or its dual IIA compactification on K3 × S 1 ×S 1 . We write the heterotic charges in the IIA language here and designate them as electric or magnetic in the heterotic frame. We restrict ourself to a STU duality subgroup of the N=4 theory with charges occupying a SO(2,2) Narain lattice. The generic electric and magnetic charge vector in this case is written in standard notation as Q = (q 0 , −p 1 , q 2 , q 3 ) and P = (q 1 , p 0 , p 3 , p 2 ). We restrict ourself for ease of conceptual understanding to 4-charge systems with non-zero q 1 , p 0 , q 2 and q 3 . Then the 4d duality invariant is given by I 4 = 4p 0 q 1 q 2 q 3 . The IIA charges can be lifted up to 5d with the 5d duality invariant being I 4 = q 1 q 2 q 3 . The (D1-D5-P-KK) system which is the canonical system considered for counting SUSY dyons in 4d N=4 string theories can be a (q 2 − q 3 − (−q 1 ) − (−p 0 )) in the IIA frame and this system can be thought of (at an appropriate point) as a D1-D5-P system at the center of Taub-Nut where its basically a 5d three-charge black hole with an duality invariant that is the product of the three charge-a fact that is fully consistent with the identification of three charges with the three charges of the IIA and the 5d duality invariant defined above. Now while counting the D1-D5-P-KK system, we consider the Hilbert space as the direct product of three different parts-one coming from the internal SCFT of the D1-D5-P, a second arising from the bound states of the KK-P and a third arising from the motion of the D1-D5-P system in the Taub-Nut space. Notice that, from our identification of 4d and 5d charges, the sign of the 5d duality invariant and its BPS condition is independent of the sign of the KK monopole. So we choose a sign of the KK monopole which is 4d non-BPS and then count the entropy of the D1-D5-P system, with Q1, Q5 and P of the same sign, and given by an elliptic genus which asymptotically gives rise to the Bekenstein Hawking entropy. Now assuming the KK monopole to have unit magnitude, the corresponding 4d black hole has the same large charge entropy. A 5d non-BPS black hole configuration with unit magnitude of the KK monopole would have q 1 , q 2 < 0 and q 3 > 0. The charge vectors would be in this case, (Q|P ) = (0, 0, q 2 , q 3 |q 1 , −1, 0, 0). Here, each hyperbolic lattice corresponds to one of the two circles of the compact manifold modulo the T 2 in the heterotic frame. Flipping the two circles and then performing an electricmagnetic Q → P, P → −Q transformation, we get (Q|P ) = (−q 2 , −q 3 , 0, 0|0, 0, −q 1 , 1). Thus we end up with a configuration that corresponds to a negative value of the KK monopole, and positive values of the other three charges, which ends being a 4d non-BPS but a 5d-BPS. The large charge entropy remains unchanged here. Thus the asymptotic large charge entropy of a 4d non-BPS black hole which derives from a 5d BPS black hole and hence from the related elliptic genus can be related to a 4d non-BPS black hole deriving from a 5d non-BPS black hole. Both classes of black holes can be related by U-duality to any other 4d non-BPS black hole and hence one has finally a microscopic understanding of why the Bekenstein Hawking entropy computation is effectively renormalized as one goes from weak to strong 4d string coupling
The non-renormalizability of the entropy with coupling strength can be rigorously explained for certain classes of supersymmetric black holes where the entropy is related to an index computation. But for non-supersymmetric black holes, one may try to explain it by looking at the strong coupling side-namely the underlying CFT. This motivates the ensuing discussion on attractor flows in CFT.
Attractor Moduli Flow in CFT
In this section, we first provide the brief background in CFT necessary to introduce moduli flow equations in CFT. This closely follows the chain of logic and notation of [43] . In the next subsection, we proceed to make a formal correspondence between the moduli flows in CFT and the attractor flows in SUGRA. In the subsequent subsection, we discuss the implications of this correspondence to attractors flows and forks and to the non-renormalization of the Bekenstein-Hawking entropy, in line with all evidence for its universality in the large charge limit of solitonic states.
Background on CFT moduli flow
As has been pointed out in [59] and explored in [60] and [61] , to each bulk perturbation of a CFT, one can associate a unique defect line between the IR and UV theories of the corresponding RG flow. There exists a Casimir energy between defect lines and boundary conditions in CFT (See [62] .) and a consequent attractive or repulsive force between them which seeks to extremize this energy. Hence a defect line or boundary condition in CFT defines a tangent vector to the deformation space of this CFT, by requiring that the energy gain is maximal in this direction. If the defect or boundary condition can be deformed smoothly under bulk deformations to any point in moduli space, then the tangent vectors form a vector field and give rise to a flow in moduli space given by dλ
Here, E BD is the Casimir energy between the boundary condition B and the deformation defect D which produces a smooth bulk deformation of B in moduli space,while g ij is the Zamolodchikov metric, and λ i are the moduli fields. As shown in [43] , the flow of the gradient of the Casimir energy between a boundary condition and a defect line is a constant re-parametrization of the gradient flow of the logarithm of the g-function associated with the defect line. This allows a rewriting of the moduli flow equations as
Now, the mass M of a particle in CFT is the g-function of its corresponding boundary condition. So, one can as well write the moduli flow equations as
For a BPS particle, M = |Z| and the flow equations becomes
CFT/SUGRA correspondence
Now, to establish a correspondence between the CFT flow equations and the first order attractor equations in SUGRAU = −e U |R| , (7.5)
We substitute for e U from (7.5) in (7.6) to obtaiṅ
The derivative in (7.7) is w.r.t. τ , the inverse of the radial coordinate in SUGRA. Denoting t = −2U(τ ), we obtain the CFT moduli flow equations- 8) where the λ stands for the moduli represented by z in SUGRA, the Zamolodchikov metric is identified with the Kähler metric in SUGRA, and the R-function is identified with the mass function-this is consistent with identifying the R-function with the mass of the black hole in SUGRA and thinking of its flow from asymptotic infinity to the horizon as a flow from the ADM mass to the Bertotti-Robinson mass in the near horizon geometry. Notice that the of the two attractor equations in the bulk-only the one corresponding to moduli flow has a CFT correspondence. The metric field is simply a re-parametrization of the radial direction which acts as an energy scale for the RG flow in the CFT. Hence the CFT flow does not include information about the dynamics of the metric field. Finally, for the supersymmetric state, M = |Z|, and we obtain the moduli flow associated with a supersymmetric boundary condition.
Discussion and implications
The full import of the correspondence made in the previous section lies in its application to the phenomenon of attractors flows. In SUGRA, the attractor flow is a directed trajectory from asymptotic moduli space (h I , h I ) to the near-horizon geometry. In N = 2 SUGRA, non-trivial SUSY solutions in a bosonic background must satisfy the following integrability criterion-H I ∇ 2 H I − H I ∇ 2 H I = 0. This reduces to Γ, h = 0. The inner product is defined by the symplectic structure on the cohomology of the Calabi-Yau. At points in asymptotic moduli space where the absolute value of the central charge is the sum of the absolute values of central charges of two charge configurations, the attractor flow forks into two flows corresponding to the two centers. This situation occurs if the phases of the two constituents are aligned, and the loci at which this happens are the LMS. 15 The regions of existence of the single center and multicenters in the space defined by the phase difference δα between the central charges is shown in Fig.2 . The Euclidean coordinate distance between the two centers ranges from infinity at the LMS to a finite distance a between the centers at points in moduli space away from the LMS given by a
The distance is positive definite and finite on one side of the LMS and negative on the other side indicating non-existence of the two centered system. On the gravity side of the story, the natural dynamical formalism to study attractor flows is that of the black hole potential V BH generating a second order equation for moduli flow. The attractor mechanism allows us to write these equations as first order ones. Now in the CFT, the moduli flow equations were derived purely from a RG perspective by studying the beta function of the moduli as the CFT flowed from UV to IR under a perturbation generated by a boundary condition like a D-brane. The presence of the IR fixed point renders this flow to be a first order equation naturally. But since this system is the underlying description of the attractor flow induced by a black hole in moduli space in the strongly coupled CFT regime, we should naturally be able to physically argue for and derive the existence of the effective potential governing the dynamics of the attractor flow. 16 We first think of the moduli flow as generating trajectories in moduli space characterized by an affine parameter t. The flow terminates on the boundary condition represented by the attractor point at t = 0. We now (with prescient foresight) define a 'double extremal' trajectory as one that takes a constant value all the way from t = ∞ to t = 0 and take this as the 'canonical geodesic'. Any other moduli flow in this space terminating at the same attractor point suffers a geodesic deviation w.r.t. the canonical trajectory. This geodesic deviation is experienced as an acceleration generated by a potential for a particle moving along this trajectory.
In order to derive the deviation from geodesic motion for the particle, we first choose a re-parametrization of the trajectory in terms of a positive definite variable τ and make the 16 Note that the potential so derived will be generically different from the one obtained in SUGRA and will be the full quantum corrected version of the SUGRA V BH . identifications-t = −2U(τ ) to obtain the two first order equations-
The independent variable in the above equations is the new affine parameter τ . These are formally the same as the attractor flow equations in SUGRA and as has been shown in section (3) satisfy the second order equations (3.1) and (3.2). The latter equation-
is a geodesic deviation equation for an accelerated particle with the acceleration generated by a potential V λ = ∂ j (|Z| 2 + 2g ij ∂ i |Z|∂ j |Z|). This is seen to be the same as the black hole potential V BH . A vanishing RHS of the equation gives the geodesic equation in moduli space corresponding to an unaccelerated particle. The particle thus moves in a potential field from τ = 0 towards its extremum at the attractor point (τ = ∞) where ∂ j V λ = 0. This potential is an invariant under transformations which preserve the symplectic structure of the phase space of the particle, namely the moduli space. It is generally a function of both the moduli and the charges, and only at its extremum, where all moduli get fixed in terms of the charges does it become an invariant constructed purely out of the charges of the theory. In the limit of large charges this invariant is unique and is equal to the Bekenstein-Hawking entropy of the system. For the SUSY case, the extremum is defined by ∂ j |Z| = 0 implying that the extremum value of the potential is purely the square of the mass of the BPS object. For non-SUSY configurations, the whole argument as presented above goes through with |Z| replaced by the mass function |R|. The potential in this case is the expected V λ = V BH = ∂ j (|R| 2 + 2g ij ∂ i |R|∂ j |R|). Hence we find that at the attractor point the extremum of the mass function is an invariant fixed purely in terms of charges and in the large charge limit yields the Bekenstein-Hawking entropy, indicating a non-re-normalization of the entropy even in non-SUSY cases.
For multi-centered configurations in CFT, a forked flow equation just as in gravity is highly indicated and since the concept of geometrical radial distance is absent in the CFT, one way of measuring the 'distance' between the two centers is to find the geodesic deviation between the double-extremal trajectory of one of the centers. The deviation is zero at all points in moduli space where only the single center exists and at the LMS and non-zero in regions where the multi-centered system exists. The CFT equations for moduli flow can be used to show that at the LMS, |Z| = |Z 1 | + |Z 2 | andλ i |Z| =λ 
Conclusions
We begin with the fact that the formalisms for the first order moduli flow in supersymmetric and non-supersymmetric black hole backgrounds can be viewed on the same footing. We then, arrive at a solution generating technique for moduli flow in non-supersymmetric black holes from those in the supersymmetric case. We establish an exact correspondence between the attractor flow in gravity and moduli flow equations in the underlying CFT. We use these results to indicate non-renormalization of the leading order entropy. In sum, the attractor formalism and its link to moduli flow in CFT can, on further exploration, yield, insights into non-supersymmetric single and multi-center solutions from both a gravitational and a CFT viewpoint.
in [48] were shown to satisfy the first order non-SUSY attractor equations. In this section, we generalize this result for an arbitrary number of vector multiplets arising from D0-D4 compactifications on general Calabi-Yau manifolds. The superpotential of the D0-D4 system with N complex scalar fields, z a , a = 1, 2, · · · , N, is given by
To construct the R-function, we apply the same rule as the STU example, namely flipping the sign of D4-brane charges p a → −p a . The corresponding R-function is then given by
To find the attractor values of the moduli, we minimize the above R-function. Noting that the solutions are axion-free, the minimization condition ∂ a R=0 results in
Making the ansatz z a = ip a t for the attractor values of the moduli immediately solves the above equation for
where D = d abc p a p b p c . This result was first found in [24] by minimizing V BH , and in [26] from the non-supersymmetric version of the attractor equation. In the case with an arbitrary number of vector multiplets, [34] offers a prescription for constructing the full flow solutions given the attractor values by replacing the charges with corresponding harmonic functions. These flow equations were explicitly shown to satisfy the first order equation. Hence the same prescription readily applies for the construction of the non-SUSY solutions. The resulting expressions will satisfy the non-SUSY first order equations, owing to their formal similarity to the first order SUSY ones. Because an odd number of charges in the SUSY attractor need to be flipped to get to non-SUSY, we end up with the same solution in terms of harmonics as in the SUSY case but with an odd number of harmonics having flipped their sign. This is a powerful solution generating technique for non-SUSY solutions and enables us to obtain them in any scenario where the SUSY solution is known.
